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Some properties of generalized and approximately
dual frames in Hilbert spaces
H. Javanshiri
Abstract
In the present paper, some sufficient and necessary conditions for two frames Φ = (ϕn)n
and Ψ = (ψn)n under which they are approximately or generalized dual frames are deter-
mined depending on the properties of their analysis and synthesis operators. We also give
a new characterization for approximately dual frames associated with a given frame and
given operator by using of bounded operators. Among other things, we prove that if two
frames Φ = (ϕn)n and Ψ = (ψn)n are close to each other, then we can find approximately
dual frames Φad = (ϕad
n
)n and Ψ
ad = (ψad
n
)n of them which are close to each other and
TΦUΦad = TΨUΨad , where TΦ and TΨ (resp. UΦad and UΨad) are the analysis operators
(resp. synthesis operators) of the frames Φ and Ψ (resp. Φad and Ψad), respectively. We
then give some consequences on generalized dual frames. Finally, we apply these results to
find some construction results for approximately dual frames for a given Gabor frame.
Mathematics Subject Classification: Primary: 42C15; Secondary: 47A58.
Key words: Frame, Gabor frame, dual frame, approximately dual frame, generalized
dual frame.
1 Introduction and some prerequisites
Throughout this paper, we denote by H a separable Hilbert space with the inner product “〈·, ·〉”
and for basic notations and terminologies on the theory of frames for H, we shall follow [5].
Recall that a sequence Φ = (ϕn)n ⊆ H is a frame for H, if there exist constants mΦ, MΦ > 0 such
that for all f ∈ H
mΦ‖f‖2 ≤
∞∑
n=1
|〈f, ϕn〉|2 ≤ MΦ‖f‖2, (1)
where mΦ, MΦ are called frame bounds. Moreover, the sequence Φ = (ϕn)n is called a Bessel
sequence for H, if only the second inequality of (1) holds. Let also, the space ℓ2 is defined as
usual and we denote its canonical orthonormal basis by ∆ = (δn)n. Moreover, the notation
B(H) (resp. B(H, ℓ2)) is used to denote the collection of all bounded linear operators from H
into H (resp. ℓ2).
It is well-known that the Bessel sequence Φ = (ϕn)n gives three operators which plays a
crucial role in the theory of frames; In what follows, the notation
• UΦ : H −→ ℓ2 is used to denote the analysis operator of the Bessel sequence Φ and defined
by UΦ(f) := (〈f, ϕn〉)n for all f ∈ H,
1
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• TΦ : ℓ2 −→ H is used to denote the synthesis operator of the Bessel sequence Φ and defined
by TΦ((cn)n) :=
∑∞
n=1 cnϕn for all f ∈ H,
• SΦ : H −→ H is used to denote the frame operator of the Bessel sequence Φ and defined
by SΦ(f) :=
∑∞
n=1 〈f, ϕn〉ϕn for all f ∈ H.
Note that T ∗Φ = UΦ, where T
∗
Φ is the adjoint of the operator TΦ. Furthermore, if Φ is a frame,
then SΦ is a bounded, invertible, self-adjoint and positive operator such that any f ∈ H can be
expressed as
f =
∞∑
n=1
〈f, S−1Φ (ϕn)〉ϕn =
∞∑
n=1
〈f, ϕn〉S−1Φ (ϕn); (2)
From now on, the notation Φ˜ is used to denote the sequence (ϕ˜n)n which defined by ϕ˜n :=
S−1Φ (ϕn) for all n ∈ N, and it is called the canonical dual frame of Φ. Moreover, for the frame
Φ which is not a Riesz basis, there exists infinitely many sequences Φd = (ϕdn)n such that the
following reconstruction formula is hold for all f ∈ H
f =
∞∑
n=1
〈f, ϕdn〉ϕn =
∞∑
n=1
〈f, ϕn〉ϕdn, (3)
see Theorem 5.2.3 of [5]. Recall that the sequence Φd which satisfies the inequality (3) is
called the dual frame of Φ. In terms of the operators TΦ and UΦd , the equality (3) means that
TΦUΦd = IdH = TΦdUΦ, where here and in the sequel, IdH is the identity operator on H.
Approximately dual frames as an applicable and interesting duality principle in the theory
of frames was introduced by Christensen and Laugesen in [7]. Here it should be noted that, the
idea of approximately dual frames can be found in Gabor systems [2, 13, 24], wavelets [3, 15, 17],
coorbit theory [11] and sensor modeling [22], before they introduce it. Moreover, their paper
initiated a series of subsequent publications (see for example [3, 8, 10, 12, 14, 20, 21]) and has
had a great impact. In fact, they said that two Bessel sequences Φ = (ϕn)n and Φ
ad = (ϕadn )n
are approximately dual frames if ‖IdH − TΦUΦad‖ < 1 or ‖IdH − TΦadUΦ‖ < 1. It follows that,
the operator A = TΦUΦad is invertible and any f ∈ H can be expressed as
f =
∞∑
n=1
〈A−1f, ϕadn 〉ϕn. (4)
Recently, another generalization of duality principle in the theory of frames has been pro-
posed by Dehghan and Hasankhani-Fard [8]. Let us recall from [8] that, the frame Φgd = (ϕgdn )n
is a generalized dual frame or g-dual frame of Φ with corresponding invertible operator (or with
invertible operator) A ∈ B(H), if we have the following inequality for all f ∈ H
f =
∞∑
n=1
〈Af, ϕgdn 〉ϕn. (5)
In terms of the operators TΦ and UΦgd , the equality (5) means that TΦUΦgd = A−1. It follows
that the operator A in (5) is unique. Moreover, a simple observation shows that if two frames
are approximately dual frames, then they are g-dual frames. Although this is not unexpected,
Example 4.1 of [8] illustrated that the set of approximately duals of a frame is a proper subset
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of the set of its g-duals. Moreover, recall from [8, Theorem 3.1] that the set of all g-dual frames
of the frame Φ with corresponding invertible operator A∗S−1Φ are precisely the sequences of the
from
Φgd =
(
Aϕn + ψn −
∞∑
m=1
〈S−1Φ ϕn, ϕm〉ψm
)
n
,
where Ψ = (ψn)n is a Bessel sequence in H and A ∈ B(H) is an invertible operator; In particular
TΦUΨ = A∗S−1Φ .
In the present work, we introduce a general method of constructing approximately duals
(resp. g-duals) frame for a given frame and given operator by using of bounded operators which
our explicit construction can be easily applied for Gabor frames. We then show that for a
perturbed frame, one can construct always an approximately dual (resp. g-dual) frame which
is close to the approximately dual (resp. g-dual) frame of the original frame. Finally, we show
that by choosing an appropriate dual generator for a Gabor frame provides more precise results.
2 The basic results
We commence this section with the following result which gives a sufficient and necessary condi-
tion for two frames Φ and Ψ under which they are g-dual frames. To this end, recall that every
bounded and positive operator C : H → H has a unique bounded and positive square root C 12 .
Moreover, if the operator C is self-adjoint (resp. invertible), then C 12 is also self-adjoint (resp.
invertible), see for example Lemma 2.4.4 of [5].
Lemma 2.1 Let Φ and Ψ be two frames for H with Bessel bounds MΦ and MΨ, respectively.
Then Ψ is a g-dual frame of Φ if and only if there exists an invertible operator D ∈ B(H) such
that TΦUΨ = S
1
2
ΦD and DD∗ ≤ MΨ IdH.
Proof. The proof of the “only if” part is trivial. To prove the “if” part, suppose that Ψ is a
g-dual frame of Φ. Observe that
1
MΨ
‖TΨUΦf‖2 ≤
∞∑
n=1
|〈f, ϕn〉|2, (6)
for all f ∈ H; Indeed,
‖TΨUΦf‖ = sup
‖g‖=1
|〈TΨUΦf, g〉|
= sup
‖g‖=1
|〈f, TΦUΨg〉|
= sup
‖g‖=1
∣∣∣∣〈f,
∞∑
n=1
〈g, ψn〉ϕn〉
∣∣∣∣
= sup
‖g‖=1
∣∣∣∣
∞∑
n=1
〈g, ψn〉 〈f, ϕn〉
∣∣∣∣
≤ sup
‖g‖=1
( ∞∑
n=1
|〈g, ψn〉|2
) 1
2
( ∞∑
n=1
|〈f, ϕn〉|2
) 1
2
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≤ sup
‖g‖=1
√
MΨ ‖g‖
( ∞∑
n=1
|〈f, ϕn〉|2
) 1
2
≤ √MΨ
( ∞∑
n=1
|〈f, ϕn〉|2
) 1
2
.
Note that, in terms of the inner product of H, the equality (6) means that〈
TΨUΦf, TΨUΦf
〉
≤MΨ〈SΦf, f〉, (f ∈ H).
Therefore, we have the following inequality〈
(TΦUΨ)(TΦUΨ)
∗f, f
〉
≤MΨ
〈
S
1
2
ΦS
1
2
Φf, f
〉
, (7)
for all f ∈ H. We now invoke Theorem 1 of [9] and the invertibility of the operator TΦUΨ, to
conclude that there exists an invertible operator D ∈ B(H) such that TΦUΨ = S
1
2
ΦD. Moreover,
inequality (7) means that
S
1
2
ΦDD∗S
1
2
Φ = (S
1
2
ΦD)(S
1
2
ΦD)∗ ≤ MΨS
1
2
ΦS
1
2
Φ .
Therefore, [23, Theorem 2.2.5(2)] implies that DD∗ ≤ MΨ IdH. 
By the same argument as above, we can prove the following result.
Lemma 2.2 Let Φ and Ψ be two frames for H with Bessel bounds MΦ and MΨ, respectively.
Then Ψ is an approximately dual frame of Φ if and only if there exists an operator D ∈ B(H)
such that TΦUΨ = S
1
2
ΦD, DD∗ ≤ MΨ IdH and ‖IdH − S
1
2
ΦD‖ < 1.
From now on, for the frame Φ = (ϕn)n, we assume that ranB(H,ℓ2)(TΦ) stands for the set of
all right annihilator of the operator TΦ in B(H, ℓ2); That is,
ranB(H,ℓ2)(TΦ) :=
{
Θ ∈ B(H, ℓ2) : TΦΘ = 0
}
.
By the use of [5, Theorem 5.2.2] and a routine computation, we can see that the frame Φ is a
Riesz basis for H if and only if ranB(H,ℓ2)(TΦ) = {0}.
The following theorem gives a new characterization of all approximately dual frames of
Φ = (ϕn)n in terms of the operators in ranB(H,ℓ2)(TΦ); In fact, this is a construction result for
approximately dual frames associated with a given frame. For the rest of the paper the letter
“〈·, ·〉ℓ2” means the inner product of ℓ2.
Theorem 2.3 Let Φ = (ϕn)n be a frame for H. Then, the approximately dual frames of Φ are
precisely the families Φad = (ϕadn )n such that
ϕadn = D∗S
− 1
2
Φ ϕn +Θ
∗(δn), (n ∈ N)
where Θ ∈ ranB(H,ℓ2)(TΦ) and D is a bounded operator on H for which ‖IdH − S
1
2
ΦD‖ < 1. In
particular, TΦUΦad = S
1
2
ΦD.
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Proof. First, assume that Φad = (ϕadn )n is a sequence in H such that
ϕadn = D∗S
− 1
2
Φ ϕn +Θ
∗(δn), (n ∈ N)
where Θ ∈ ranB(H,ℓ2)(TΦ) and D is a bounded operator on H for which ‖IdH−S
1
2
ΦD‖ < 1. Now,
since the sequence Φ−
1
2 := (S
− 1
2
Φ ϕn)n is a tight frame with frame bound equal to 1, we can see
easily that Φad is a Bessel sequence with Bessel bound MΦad = ‖D‖2 + ‖Θ‖2 + 2‖D‖‖Θ‖. We
also observed that
TΦUΦadf = S
1
2
ΦD;
This is because of,
UΦad(f) =
(
〈f, ϕadn 〉
)
n
=
(
〈f,D∗S−
1
2
Φ ϕn〉+ 〈f,Θ∗(δn)〉
)
n
=
(
〈S−
1
2
Φ Df, ϕn〉+ 〈Θf, δn〉ℓ2
)
n
=
(
〈S−
1
2
Φ Df, ϕn〉+ (Θf)n
)
n
= UΦS
− 1
2
Φ Df +Θf,
for all f ∈ H, where (Θf)n is the nth term of the sequence Θf . Moreover,
〈DD∗f, f〉 = ‖D∗f‖2 ≤ ‖D‖2〈f, f〉 ≤ MΦad〈f, f〉,
for all f ∈ H. We now invoke Lemma 2.2 to conclude that Φad is an approximately dual frame
of Φ.
Conversely, let Φad = (ϕadn )n be an approximately dual frame of Φ = (ϕn)n with Bessel
bound MΦad . Then, in view of Lemma 2.2, there exists an invertible operator D in B(H) such
that TΦUΦad = S
1
2
ΦD, DD∗ ≤ MΦad IdH and
‖IdH − S
1
2
ΦD‖ = ‖IdH − TΦUΦad‖ < 1.
Now, define the operator Θ from H into ℓ2 by
Θ := UΦad − UΦS
− 1
2
Φ D.
Observe that the operator Θ is in ranB(H,ℓ2)(TΦ). Moreover, for each n ∈ N we have
Θ∗(δn) = TΦad(δn)−D∗S
− 1
2
Φ TΦ(δn)
= ϕadn −D∗S
− 1
2
Φ ϕn,
and this completes the proof. 
As applications of Theorem 2.3, we have the following two results which gives a construction
result for approximately dual frames associated with a given frame and given operator.
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Theorem 2.4 Let Φ = (ϕn)n be a frame for H with Bessel bound MΦ, and let D be an operator
in B(H) such that ‖S−
1
2
Φ −D‖ < 1√
MΦ
. Then, the sequence
Φad =
(
D∗S−
1
2
Φ ϕn +Θ
∗(δn)
)
n
is an approximately dual frame of Φ for which TΦUΦad = S
1
2
ΦD, where Θ is an arbitrary element
of ranB(H,ℓ2)(TΦ).
Proof. Note that
‖IdH − S
1
2
ΦD‖ = ‖S
1
2
ΦS
− 1
2
Φ − S
1
2
ΦD‖
≤ ‖S
1
2
Φ‖ ‖S
− 1
2
Φ −D‖
=
√
‖(S
1
2
Φ)
∗S
1
2
Φ‖ ‖S
− 1
2
Φ −D‖
=
√
‖SΦ‖ ‖S−
1
2
Φ −D‖
=
√
MΦ ‖S−
1
2
Φ −D‖.
So, the proof will follow from Theorem 2.3. 
Theorem 2.5 Let Φ = (ϕn)n be a frame for H, and let A be an operator in B(H) such that
‖IdH−A‖ < 1. Then, the Bessel sequence Φad = (ϕadn )n is an approximately dual frame of Φ for
which TΦUΦad = A if and only if there exists Θ ∈ ranB(H,ℓ2)(TΦ) such that ϕadn = A∗ϕ˜n+Θ∗(δn)
for all n ∈ N.
The following two corollaries illustrate the construction given in Theorems 2.4 and 2.5, which
are very applicable for the construction of approximately dual Gabor frames with a desired
approximation rate. Here it should be noted that, if Φ and Ψ are approximately dual frames,
then we say that they have approximation rate 0 < ε < 1, if ‖IdH − TΦUΨ‖ ≤ ε.
Corollary 2.6 Let Φ = (ϕn)n be a frame for H with Bessel bound MΦ and a dual frame Φd =
(ϕdn)n. Then, for each operator D in B(H) such that ‖S
− 1
2
Φ −D‖ < 1√
MΦ
, the sequence
Φad =
(
D∗S−
1
2
Φ ϕn − ϕn + SΦ(ϕdn)
)
n
is an approximately dual frame of Φ for which TΦUΦad = S
1
2
ΦD.
Corollary 2.7 Let Φ = (ϕn)n be a frame for H with a dual frame Φd = (ϕdn)n. Let also A be a
bounded operator on H such that ‖IdH −A‖ < 1. Then, the sequence Φad = (ϕadn )n defined by
ϕadn = A∗ϕ˜n − ϕn + SΦ(ϕdn), (n ∈ N)
is an approximately dual frame of Φ for which TΦUΦad = A.
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In the following, we use the perturbation idea to construct approximately dual frames. The
notation Φ − Ψ (resp. Φad − Ψad) in this theorem denotes the sequence (ϕn − ψn)n (resp.
(ϕadn − ψadn )n).
Theorem 2.8 Let Φ = (ϕn)n and Ψ = (ψn)n be two frames for H and let Φad = (ϕadn )n be a
fixed approximately dual frame of Φ. If Φ−Ψ is a Bessel sequence with sufficiently small bound
MΦ−Ψ, then there exists an approximately dual frame Ψ
ad = (ψadn ) of Ψ such that Φ
ad − Ψad is
also a Bessel sequence and its bound is a multiple of MΦ−Ψ. In particular, TΦUΦad = TΨUΨad.
Proof. In view of Theorems 2.3 and 2.5, there exists an operatorA inB(H) and Θ ∈ ranB(H,ℓ2)(TΦ)
such that
(a) ‖IdH −A‖ < 1,
(b) ϕadn = A∗ϕ˜n +Θ∗(δn), for all n ∈ N,
(c) TΦUΦad = A.
Now, let Ω := (ωn)n be a sequence in H such that for each n ∈ N
ωn = A∗ψ˜n +Θ∗(δn).
A routine computation shows that the sequence Ω is a Bessel sequence. Moreover, for each
f ∈ H we have
A−1TΨUΩf = A−1
( ∞∑
n=1
〈f, ωn〉ψn
)
= A−1
( ∞∑
n=1
〈f,A∗ψ˜n〉ψn +
∞∑
n=1
〈f,Θ∗(δn)〉ψn
)
= A−1
( ∞∑
n=1
〈Af, ψ˜n〉ψn +
∞∑
n=1
〈Θf, δn〉ℓ2ψn
)
= A−1
(
Af + TΨΘf
)
= f +A−1TΨΘf.
Therefore,
‖f −A−1TΨUΩf‖ = ‖A−1TΨΘf‖ = ‖A−1TΨΘf −A−1TΦΘf‖
≤ √MΦ−Ψ ‖Θ‖ ‖A−1‖ ‖f‖,
for all f ∈ H. Hence, the operator C := TΩUΨA∗−1 is invertible for sufficiently small MΦ−Ψ > 0.
In particular, the operator TΨUΩ is invertible and for each f ∈ H we have
f = (TΨUΩ)(TΨUΩ)
−1f =
∞∑
n=1
〈(TΨUΩ)−1f, ωn〉ψn
=
∞∑
n=1
〈f, (TΩUΨ)−1ωn〉ψn
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=
∞∑
n=1
〈A−1f, (TΩUΨA∗−1)−1ωn〉ψn
=
∞∑
n=1
〈A−1f, C−1ωn〉ψn.
It follows that Ψad := (C−1ωn)n is a frame for H such that TΨUΨad = A and therefore Ψad is an
approximately dual frame of Ψ.
Now, the proof will be completed if we show that Φad − Ψad is also a Bessel sequence and
its bound is a multiple of MΦ−Ψ. To this end, we note that
‖C−1‖ ≤ 1
1− ‖IdH − C‖ ≤
1
1−√MΦ−Ψ ‖Θ‖‖A−1‖ , (8)
‖IdH − C−1‖ ≤ ‖C−1‖‖IdH − C‖ ≤
√
MΦ−Ψ ‖Θ‖‖A−1‖
1−√MΦ−Ψ ‖Θ‖‖A−1‖ , (9)
and
‖SΦ − SΨ‖ = ‖TΦUΦ − TΦUΨ + TΦUΨ − TΨUΨ‖
≤ ‖TΦ − TΨ‖(‖TΦ‖+ ‖TΨ‖)
≤ √MΦ−Ψ (√MΦ +√MΨ )
Moreover, for all (cn)n ∈ ℓ2 and all f ∈ H we have
〈TΦad((cn)n), f〉 − 〈TΩ((cn)n), f〉 = 〈(cn)n, UΦadf〉ℓ2 − 〈(cn)n, UΩf〉ℓ2
= 〈(cn)n, UΦS−1Φ Af〉ℓ2 − 〈(cn)n, UΨS−1Ψ Af〉ℓ2
= 〈TΦ((cn)n), S−1Φ Af〉 − 〈TΨ((cn)n), S−1Ψ Af〉
= 〈TΦ((cn)n), (S−1Φ − S−1Ψ )Af〉
+〈(TΦ − TΨ)((cn)n), S−1Ψ Af〉.
Hence,
‖TΦad((cn)n)− TΩ((cn)n)‖ = sup
‖g‖=1
∣∣∣∣〈TΦad((cn)n)− TΩ((cn)n), g〉
∣∣∣∣
= sup
‖g‖=1
∣∣∣∣〈TΦ((cn)n), (S−1Φ − S−1Ψ )Ag〉
+〈TΦ((cn)n)− TΨ((cn)n), S−1Ψ Ag〉
∣∣∣∣
≤ ‖S−1Φ − S−1Ψ ‖ ‖A‖ ‖TΦ((cn)n)‖
+‖S−1Ψ ‖ ‖A‖ ‖TΦ((cn)n)− TΨ((cn)n)‖
≤ ‖S−1Ψ ‖ ‖SΦ − SΨ‖ ‖S−1Φ ‖ ‖A‖ ‖TΦ((cn)n)‖
+‖S−1Ψ ‖ ‖A‖ ‖TΦ((cn)n)− TΨ((cn)n)‖
≤ √MΦ−Ψ
(
1
mΦmΨ
(MΦ +
√
MΨMΦ )‖A‖+ 1
mΨ
‖A‖
)
,
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where, mΦ, MΦ and mΨ, MΨ are the bounds of the frames Φ and Ψ, respectively. It follows that
the sequence Φad −Ψad is a Bessel sequence with Bessel bound
MΦad−Ψad := MΦ−Ψ
( ‖A−1‖
1−√MΦ−Ψ ‖Θ‖‖A−1‖
)2(
‖Θ‖
√
MΦad +
‖A‖(mΦ +MΦ +
√
MΨMΦ )
mΦmΨ
)2
and this completes the proof; Indeed,
‖TΦad((cn)n)− TΨad((cn)n)‖ = ‖TΦad((cn)n)− TΨad((cn)n)− C−1TΦad((cn)n) + C−1TΦad((cn)n)‖
= ‖TΦad((cn)n)− C−1TΩ((cn)n)− C−1TΦad((cn)n) + C−1TΦad((cn)n)‖
≤ ‖IdH − C−1‖ ‖TΦad((cn)n)‖+ ‖C−1‖ ‖TΦad((cn)n)− TF ((cn)n)‖
for all (cn)n ∈ ℓ2. 
An argument similar to the proof of Theorems 2.3, 2.5 and 2.8 with the aid of Lemma 2.1
gives the following generalization of that theorems. The details are omitted.
Theorem 2.9 Let Φ = (ϕn)n be a frame for H and let A be an invertible operator in B(H).
Then Φgd = (ϕgdn )n is a g-dual frame of Φ with corresponding invertible operator A ∈ B(H) if
and only if there exists Θ ∈ ranB(H,ℓ2)(TΦ) such that ϕgdn = A−1∗ϕ˜n +Θ∗(δn) for all n ∈ N.
Theorem 2.10 Let Φ = (ϕn)n and Ψ = (ψn)n be two frames for H and let Φgd = (ϕgdn )n be a
fixed g-dual frame of Φ with corresponding invertible operator A. If Φ−Ψ is a Bessel sequence
with sufficiently small bound MΦ−Ψ, then there exists a g-dual frame Ψ
gd = (ψgdn )n of Ψ such
that Φgd − Ψgd is also a Bessel sequence and its bound is a multiple of MΦ−Ψ. In particular,
TΦUΦgd = A−1 = TΨUΨgd.
Since each frame Φ is a g-dual frame for itself with corresponding invertible operator S−1Φ ,
hence an argument similar to the proof of Theorem 2.8 with the aid of Theorem 2.10 gives the
following result.
Theorem 2.11 Let Φ = (ϕn)n and Ψ = (ψn)n be two frames for H. Let also MΦ−Ψ is the Bessel
bound of the Bessel sequence Φ − Ψ. Then there exists a g-dual frame Ψgd = (ψgdn )n of Ψ such
that Φ−Ψgd is also a Bessel sequence, its bound is a multiple of MΦ−Ψ and TΨUΨgd = SΦ.
Now, let Φ = (ϕn)n and Ψ = (ψn)n are Riesz bases with Bessel bounds MΦ and MΨ, respec-
tively. Then, there exists an invertible operator D on H such that Dϕn = ψn for all n ∈ N.
Observe that the sequence Φ−Ψ is a Bessel sequence with Bessel bound
MΦ−Ψ = min
{
MΦ‖IdH −D‖2, MΨ‖IdH −D−1‖2
}
;
Indeed, if (cn)n is an arbitrary element of ℓ
2, then on the one hand we have
‖(TΦ − TΨ)((cn)n)‖ =
∥∥∥∥
∞∑
n=1
cn(ϕn −D(ϕn))
∥∥∥∥
≤ ‖IdH −D‖ ‖TΦ((cn)n)‖
≤ √MΦ ‖IdH −D‖ ‖(cn)n‖2,
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and on the other hand, by the same argument we can see that
‖(TΦ − TΨ)((cn)n)‖ ≤
√
MΨ ‖IdH −D−1‖ ‖(cn)n‖2.
Hence as an immediate corollary from Theorem 2.11, we have the following result.
Theorem 2.12 Let Φ = (ϕn)n and Ψ = (ψn)n be two Riesz bases for H with Bessel bounds MΦ
and MΨ, respectively. Then Φ−Ψ is a Bessel sequence with Bessel bound MΦ−Ψ = min{MΦ‖IdH−
D‖2, MΨ‖IdH − D−1‖2}, where D is an operator such that Dϕn = ψn for all n ∈ N. Moreover,
there exists a g-dual frame Ψgd = (ψgdn )n of Ψ such that Φ − Ψgd is also a Bessel sequence, its
bound is a multiple of MΦ−Ψ and TΨUΨgd = SΦ. In particular, Ψ
gd is a Riesz basis.
Following Balan [1], we say that two frames Φ and Ψ for H are equivalent frames, if there
exists a bounded invertible operator Q : H → H such that ϕn = Q(ψn) for all n ∈ N or
equivalently Range(UΦ) = Range(UΨ). Furthermore, the frame Ψ is partial equivalent with
the frame Φ, if there exists a bounded operator Q : H → H (not necessarily invertible) such
that ϕn = Q(ψn) for all n ∈ N or equivalently Range(UΦ) ( Range(UΨ). Observe that, in the
case where Range(UΦ) ⊆ Range(UΨ), then TΨ˜UΦ˜ is a right inverse of TΦUΨ; Indeed, if f is an
arbitrary element of H. Then, there exists h ∈ H such that UΦS−1Φ f = UΨh, and therefore
TΦUΨTΨ˜UΦ˜(f) = TΦUΨS
−1
Ψ TΨUΦS
−1
Φ (f)
= TΦUΨS
−1
Ψ TΨUΨ(h)
= TΦUΨ(h)
= TΦUΦS
−1
Φ f = f.
So we have the following result for equivalent frames.
Proposition 2.13 Let Φ and Ψ be two frames for H such that Range(UΦ) = Range(UΨ). Then
Φ and Ψ are g-dual frames. In particular, (TΦUΨ)
−1 = T
Ψ˜
U
Φ˜
.
We conclude this section by the following result which is of interest in its own right.
Proposition 2.14 Let Φ and Ψ be two frames for H such that Range(UΦ) ( Range(UΨ) or
Range(UΨ) ( Range(UΦ). Then Φ and Ψ are not g-dual frames. In particular, they are not
approximately dual frames.
Proof. Let Φ and Ψ be two frames for H such that Range(UΦ) ( Range(UΨ). As we saw
in above discussion, this condition implies that T
Ψ˜
U
Φ˜
is a right inverse of TΦUΨ. Now we
show that it is not a left inverse for TΦUΨ. To this end, assume that (cn)n is an element of
Range(UΨ) such that (cn)n /∈ Range(UΦ). Then, there exists g1 ∈ H and 0 6= (dn)n ∈ ker(TΦ)
such that (cn)n = UΦg1 + (dn)n; This is because of ℓ
2 = Range(UΦ) ⊕ ker(TΦ). It follows that
(dn)n = UΦg1 − (cn)n ∈ Range(UΨ) ⊆ ℓ2 \ ker(TΨ). This, together with the fact that SΨ is an
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invertible operator, implies that S−1Ψ TΨ((dn)n) 6= 0. Now, if f ′ is an element of H such that
(cn)n = UΨf
′, then
T
Ψ˜
U
Φ˜
TΦUΨ(f
′) = S−1Ψ TΨUΦS
−1
Φ TΦUΨ(f
′)
= S−1Ψ TΨUΦS
−1
Φ TΦ((cn)n)
= S−1Ψ TΨUΦS
−1
Φ TΦ(UΦ(g1) + (dn)n)
= S−1Ψ TΨ(UΦ(g1)) + S
−1
Ψ TΨUΦS
−1
Φ TΦ((dn)n)
= S−1Ψ TΨ((cn)n − (dn)n) + S−1Ψ TΨUΦS−1Φ TΦ((dn)n)
= S−1Ψ TΨ((cn)n − (dn)n)
= f ′ − S−1Ψ TΨ((dn)n) 6= f ′,
and this completes the proof. 
3 Application to Gabor frames
In order to state the results of this section we need to recall the definition and some basic
results on the duality conditions for a pair of Gabor systems which have found more and more
applications in modern life, signal analysis and many other parts of applied mathematics.
A Gabor frame is a frame for L2(R) of the form G := (EmbTnag)m,n∈Z, where a, b > 0 are
given, g ∈ L2(R) is a fixed function, Tnaf(x) = f(x − na) and Embf(x) = e2imbxf(x) for all
f ∈ L2(R). In view of [5, Theorem 9.1.12], the sequence G can only be a frame if ab ≤ 1, but
it is not a sufficient condition. Moreover, if G is a frame and ab < 1, then there exists infinitely
many gd in L2(R) such that we have the following reconstruction formula for each f ∈ L2(R)
f =
∑
m,n∈Z
〈f,EmbTnagd〉EmbTnag;
That is, the Gabor frames G and Gd = (EmbTnagd)m,n∈Z are dual frames. But the standard
choice of gd is S−1G g, where SG : L
2(R)→ L2(R) defined by
SGf =
∑
m,n∈Z
〈f,EmbTnag〉EmbTnag, (f ∈ L2(R))
is the frame operator of G. There are some interesting results for duality conditions of a Gabor
frame G, provided that the function g ∈ L2(R) has compact support, for more details see
[4, 5, 6, 24].
We begin the presentation of the results of this section by recalling the following two results
from [4, 6, 18], each of which will be required in our present investigation.
Proposition 3.1 Let N ∈ N and g ∈ L2(R) be a function with support in [0, N ]. Let also,
a, b > 0 be given, b ≤ 1
N
and there exists m,M > 0 such that
am ≤ G(x) :=
∑
n∈Z
|g(x− na)|2 ≤ bM a.e. x ∈ R.
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Then G = (EmbTnag)m,n∈Z is a frame for L2(R) with frame bounds m,M . Moreover, the frame
operator SG and its inverse S
−1
G are given by
SG(f) =
b
G
f and S−1G (f) =
G
b
f,
for all f ∈ L2(R).
The duality condition for a pair of Gabor systems G = (EmbTnag)m,n∈Z and Gd = (EmbTnagd)m,n∈Z
is presented by Janssen [18] as follows.
Lemma 3.2 Two Bessel sequences G = (EmbTnag)m,n∈Z and Gd = (EmbTnagd)m,n∈Z form dual
frames for L2(R) if and only if∑
k∈Z
g(x − n/b− kn)h(x− ka) = bδn,0
for almost everywhere x in [0, a].
The proof of the next theorem can be found in the paper by Christensen and Kim [6].
Theorem 3.3 Let N ∈ N, b ∈ (0, 12N−1 ] and g be a bounded real-valued function for which∑
n∈Z
g(x− n) = 1 and supp g ⊆ [0, N ].
Then the function gd1 and g
d
2 defined by
gd1(x) = bg(x) + 2b
N−1∑
n=1
g(x+ n) and gd2(x) =
N−1∑
n=−N+1
ang(x+ n),
where
a0 = b and an + a−n = 2b for each n = 1, 2, · · · , N − 1
generate two dual frames Gd1 = (EmbTngd1)m,n∈Z and Gd2 = (EmbTngd2)m,n∈Z for G = (EmbTng)m,n∈Z.
Here it should be noted that, Lemma 9.3.1 of [5] guarantees that there are infinitely many
operator A on L2(R) such that it commute with E±b, T±a and ‖IdL2(R) −A‖ < 1, where a and
b are positive real numbers; In fact, each operator of the form
SLf =
∑
m,n∈Z
〈f,EmbTnal〉EmbTnal, (f ∈ L2(R))
gives an operator A on L2(R) such that ‖IdL2(R) −A‖ < 1 and it commute with E±b and T±a,
where l is a function in L2(R) such that the sequence L = (EmbTnal)m,n∈Z is a frame for L2(R).
Moreover, we should mention that if an operator A commute with E±b and T±a, then A and its
adjoint commute with Emb and Tna for all m,n ∈ Z. Moreover, we have the following example.
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Example 3.4 Assume that G = (EmbTnag)m,n∈Z and Gad = (EmbTnagad)m,n∈Z are approxi-
mately dual frames. If we set A := TGUGad, then ‖IdL2(R) − A‖ < 1 and by a method similar
to the proof of Lemma 9.3.1 of [5] one can easily see that A and its adjoint commute with Emb
and Tna for all m,n ∈ Z.
Now, in view of Corollary 2.7, we have the following result for the construction of approxi-
mately dual frames associated with a given Gabor frame and given operator.
Proposition 3.5 Let G = (EmbTnag)m,n∈Z be a frame for L2(R) and let Gd = (EmbTnagd)m,n∈Z
be an arbitrary dual Gabor frame of G. Suppose also that A is an operator on L2(R) such that
‖IdL2(R)−A‖ < 1 and it commutes with E±b and T±a. Then the family Gad = (EmbTnagad)m,n∈Z
is an approximately dual frame of G for which TGUGad = A, where gad = A∗S−1G g − g + SG(gd).
It is well known from [19] that in the case where a ≤ c ≤ 1, then Ga,c = (EmTnaχ[0,c))m,n∈Z
is a Gabor frame, where χ[0,c) denotes the characteristic function of the interval [0, c) on R.
Moreover, it was shown by Hasankhani-Fard and Dehghan [16, Corollary 2.1.] that two Bessel
sequence Ga,c = (EmTnaχ[0,c))m,n∈Z and Gda,c′ = (EmTnaχ[0,c′))m,n∈Z are dual frames for L2(R) if
and only if c ≤ 1, c′ ≤ 1 and a = min{c, c′}. From this, with the aid of Proposition 3.5 above, we
can obtain the following explicit construction of approximately dual frames associated with the
Gabor frame Ga,c = (EmTnaχ[0,c))m,n∈Z for certain choice of a and c. In the sequel, for Gabor
frame Ga,c = (EmTnaχ[0,c))m,n∈Z, the notation Sa,c is used to denote its frame operator and Ma,c
denotes its Bessel bound.
Example 3.6 Let a, c, c′ and c′′ be positive numbers such that
a ≤ c, c′ and c′′ ≤ 1, and a = min{c, c′}.
(a) Then two frame Ga,c = (EmTnaχ[0,c))m,n∈Z and Gad1 = (EmTnagad1 )m,n∈Z are approxi-
mately dual frames such that TGa,cUGad =
1
Ma,c′′
Sa,c′′ , where
gad1 =
1
Ma,c′′
Sa,c′′ S
−1
a,c (χ[0,c))− χ[0,c) + Sa,c(χ[0,c′)).
(b) Suppose that A is an operator on L2(R) such that ‖IdL2(R) − A‖ < 1 and it commutes
with E±1 and T±a. Then the sequence Gad2 = (EmTnagad2 )m,n∈Z is an approximately dual frame
of Ga,c = (EmTnaχ[0,c))m,n∈Z for which TGa,cUGad = A, where
gad2 = A∗ S−1a,c (χ[0,c))− χ[0,c) + Sa,c(χ[0,c′)).
(c) Let G = (EmTnag)m,n∈Z be a frame for L2(R) and let Gd = (EmTnagd)m,n∈Z be an
arbitrary dual Gabor frame of G. Suppose also that
gada,e =
1
Ma,e
Sa,e S
−1
G g − g + SG(gd),
then the sequence Gada,e = (EmTnagada,e)m,n∈Z is an approximately dual frame of G for which
TGUGada,e =
1
Ma,e
Sa,e, where e can be any positive real number such that a ≤ e ≤ 1.
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Recall from [5, Section 6.1] that for each N ∈ N the B-splines BN are given inductively by
B1 = χ[0,1] and BN+1 = BN ∗B1.
The B-spline BN has support on the interval [0, N ]. Furthermore, for each N ∈ N, the sequence
GN = (EmbTnBN )m,n∈Z is a Gabor frame with the frame operator
SNf =
∑
m,n∈Z
〈f,EmbTnBN 〉EmbTnBN , (f ∈ L2(R)) (10)
where b ∈ (0, 12N−1 ]. Moreover, Theorem 3.3 and [5, Theorem 6.1.1] implies that the functions
Bd1,N and B
d
2,N defined by
Bd1,N (x) = bBN (x) + 2b
N−1∑
n=1
BN (x+ n) (11)
and
Bd2,N (x) =
N−1∑
n=−N+1
anBN (x+ n), (12)
where
a0 = b and an + a−n = 2b for each n = 1, 2, · · · , N − 1,
generate two dual frames Gd1,N = (EmbTnBd1,N )m,n∈Z and Gd2,N = (EmbTnBd2,N )m,n∈Z for GN =
(EmbTnBN )m,n∈Z.
As an application of Proposition 3.5 with the aid of Example 6.1 of [7] one can easily obtain
the following result for the second order B-spline.
Example 3.7 Let ϕ(x) = e−4x
2
and
g(x) =
15.1
315
1∑
n∈Z |B8(2.36(x + n))|2
B8(2.36x).
Then, by Example 6.1 of [7], we deduce that the frames Φ = (E0.1mTnϕ)m,n∈Z and G =
(E0.1mTng)m,n∈Z are approximately dual frames and ‖IdL2(R) − A‖ ≤ 0.009. If now we con-
sider A := TΦUG ,
Bad2 = A∗S−12 B2 −B2 + S2(Bd1,2)
and
Bd1,2(x) = 0.1B2(x) + 0.2B2(x+ 1),
then the sequence Gad2 = (E0.1mTnBad2 )m,n∈Z is an approximately dual frame of G2 for which
TG2UGad2
= A. In particular, the approximation rate is ε = 0.009.
Finally, with the above notations on the N-order B-spline, we have the following practical
example.
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Example 3.8 Let N ∈ N, b ∈ (0, 12N−1 ] and A be an operator on L2(R) such that ‖IdL2(R) −
A‖ < 1 and it commutes with E±b and T±1. Let also SN be given by equation (10) and MN be
the Bessel bound of the frame GN = (EmbTnBN )m,n∈Z.
(a) Then the function Bad1,N and B
ad
2,N defined by
Bad1,N (x) = A∗S−1N BN −BN + SN (Bd1,N )
and
Bad2,N (x) = A∗S−1N BN −BN + SN (Bd2,N ),
generate two approximately dual frames Gad1,N = (EmbTnBad1,N )m,n∈Z and Gad2,N = (EmbTnBad2,N )m,n∈Z
for GN = (EmbTnBN )m,n∈Z such that TGNUGad1,N = A = TGNUGad2,N , where B
d
1,N and B
d
2,N are given
by equations (11) and (12).
(b) Let G = (EmbTng)m,n∈Z be a frame for L2(R) and let Gd = (EmbTngd)m,n∈Z be an
arbitrary dual Gabor frame of G. Suppose that N is an arbitrary element of N and
gadN =
1
MN
SN S
−1
G g − g + SG(gd).
Then the family GadN = (EmbTngadN )m,n∈Z is an approximately dual frame of G for which TGUGad
N
=
1
MN
SN .
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